Abstract. The goal of this note is to illustrate the impact of a self-financing condition recently introduced by the authors. We present the analyses of two specific applications usually considered in more traditional models in financial mathematics. They include hedging European options with limit orders and the optimal behavior of market makers.
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Introduction: the self-financing equation
In quantitative finance, the standard self financing equation is a cornerstone of the theory of frictionless markets. It plays a crucial role in many fundamental results. Mathematically, speaking it is a simple equation which constrains the wealth process of an investor to live in a certain sub-space. This sub-space is therefore viewed as a space of admissible portfolios. New-comers to the mathematical theories of financial markets often gripe with the self-financing condition and how it relates to the real world. While it can be postulated as a mathematical definition, it can also be derived from a limiting procedure starting from an accurate description of the microstructure of trades in the trade clock. This approach is at the core of our strategy, and to implement it, we shall have to overcome the idiosyncrasies of the passage from discrete to continuous time.
"The sad fact is that the self-financing condition is considerably more subtle in continuous time than it is in discrete time." 1 When discussing market models at the macroscopic level, we assume that the mid-price p and the inventory L are given by Itô processes: dp t = µ t dt + σ t dW t dL t = b t dt + l t dW ′ t (1.1) for two Wiener processes W and W ′ with unspecified dependence structure. In the simplest case, we also consider an adapted process s t acting as a proxy for what remains in the continuous time limit of the bid-ask spread measured in tick size. The standard self-financing condition of continuous time finance can be stated as a constraint:
dX t = L t dp t (1.2) between the price p of the underlying interest, the inventory L, and the wealth X of the agent. In most classical financial models, Merton's portfolio theory is a case in point, the price p is exogenously given, the inventory L is the agent's input, and her wealth X appears as the output of equation (1.2) .
The objective of this paper is twofold. We first formalize the order book in a mathematical fashion and derive the associated transaction costs and trade equations. The second goal is to generalize the self-financing portfolio condition (1.2) to incorporate known pecularities of the high frequency markets including transaction costs, price impact and price recovery. Among other things, we want this generalization to be able to quantify the differences between trading via limit orders and market orders. Finally, we want to warn the reader that the equations proposed in this paper are only necessary, and that quantifying limit order fill rates, priorities and price recovery are beyond the scope of the present paper.
1.1. The order book. We introduce the order book first as a pair of positive measures (b, a) on the price grid. Under the assumption that the mid-price is welldefined, an equivalent definition in terms of an order book shape function γ is introduced. Formally, γ ′′ = a + b where γ ′′ is the second derivative of the function γ in the sense of Schwartz distributions.
Transaction costs are shown to be given by the Legendre transform c of the order book shape function γ. This leads to explicit formulas for all mechanical transactions on the order book, such as the instantaneous price impact, the traded volume, etc. In particular, the discrete time equation for the wealth associated to a self-financing portfolio will be shown to be: ∆X = L∆p ± c(∓∆L) + ∆p∆L (1.3) where ± is + when trading with limit orders and − when trading with market orders.
Proposed self-financing equation.
In continuous time, the corresponding self-financing equation takes the form:
where as before ± is + when trading with limit orders and − when trading with market orders, and φ σ 2 is the density function of the Gaussian distribution with mean 0 and variance σ 2 . We show in Section ?? below that, when time is measured in the trade clock, the discrete time analog of formula (1.4) can be derived rigorously from a specific limit order book feature. It also matches real wealth data (see [9] and the appendix at the end of the paper for empirical evidences). We shall also impose the constraint
whenever trading is done with limit orders. The interpretation for this constraint is price impact. It has also been thoroughly tested on high frequency data in [9] . See also the appendix at the end of the paper for evidence from market data from a different exchange. We now explain how our condition (1.4) and the adverse selection constraint (1.5) relate to the conditions most often found in the literature. Later on in Section ??, the latter will be derived as continuous time limits of discrete self-financing equations under different scaling assumptions.
1.3.
The Almgren-Chriss model. The seminal work of Almgren and Chriss [5] addresses a closely related question. These authors propose a macroscopic model for the price impact and the change of wealth after a liquidity taker's decision. The model leads to a very tractable framework which was, and still is, used in many optimal execution studies (see [2, 20] for example). This framework can be summarized by the system: The main advantage of this model is that price impact appears in a tractable fashion. Indeed, it comes through the drift f (l t ) of the price process, which creates a positive correlation between traded volumes and the price. However, it constrains L to be a differentiable function of time, and as a result, the model parameters cannot be calibrated to market data directly, making the model difficult to test empirically. As per the empirical analysis of NASDAQ data reported in [9] , there is ample evidence supporting nondifferentiable inventories (see also the appendix at the end of the paper). Moreover, certain trading strategies, such as delta-hedging, latency arbitrage, and statistical arbitrage, naturally lead to inventory models with infinite variation. Finally, the use of limit orders is not covered by the AlmgrenChriss approach.
1.4. Transaction cost literature. The branch of classical mathematical finance most related to our paper is portfolio selection under transaction costs ( [12, 19, 21] or the recent review [18] ). Most of these works start from an equation for the wealth of a liquidity taker which generalizes the classical self-financing equation to a setting with transaction costs. In general however, these papers do not underscore the derivation of the model, but instead, they emphasize the study of its consequences. We hope to appeal to this part of the community by providing more accurate equations for self-financing portfolios while keeping reasonable tractability, leading the way to problems related to liquidity provision, such as market making. An interesting feature of such applications is that the agent does not directly control her portfolio, adding an additional modeling challenge. For the record we note that the standard equation used in this branch of the literature is:
where s t is the bid-ask spread, and again, the inventory process L is assumed to have finite variation, i.e. t 0 |dL| s < ∞ for all finite t. Strengths of this model are its simplicity, relative tractability, and straightforward calibration to the market. However, we see a shortcoming in the fact that the process L can only have finite variation 3 . Moreover, price impact, limit orders and other microstructure considerations are absent from the model. 1.5. Methodology. Rather than postulating the definition of a self-financing portfolio directly in the continuous limit, our objective is to derive the self-financing equation from a more fundamental perspective. To obtain our results, we therefore propose the following novel strategy:
(1) Define a discrete time representation of the market where all the relevant primary quantities (e.g. price) are rigorously defined on a trade-by-trade basis. This is what we call the 'microscopic' scale. (2) Deduce or define the relevant equations for the derived quantities (e.g. wealth) and trading constraints (e.g. trading via limit orders) on the same scale. (3) Assume that the primary quantities of interest are samples from continuous time diffusion processes, with a sampling frequency that goes to infinity. As a result, each microscopic model is embedded in a sequence of microscopic models that approximate a continuous time model. We call the continuous time limit the 'macroscopic' limit of the model. (4) Using appropriate limit theorems, derive the continuous time analogs of the derived quantities and trading constraints.
The main quantity of interest to us, the wealth of a self-financing portfolio, does not require a stochastic model but rather a precise description of the rules underpinning trades on a limit order book. These rules create structural relationships that we exploit to express, at the microscopic scale, wealth as a non-linear functional on the path of our primary quantities. A functional law of large numbers then controls the limiting argument used to derive our continuous time equivalent of the self-financing portfolio equation. The four-step approach described above can be used in a variety of financial markets. Indeed, it should be possible to derive a self-financing equation for each form of market microstructure. Controlling a continuous time limit for the input variables could then lead to a tractable summarizing equation. While it can hold in other markets, the particularly simple form it takes, and the ease with which it can be tested on empirical data, make high frequency markets an ideal test bed for our theory. Our presentation was influenced by the high frequency markets for three reasons: 1) they are the most relevant among the electronic markets; 2) we can illustrate and test many specific features on empirical data; 3) we believe that our price impact constraint is a particularly strong feature of these markets.
Our research also casts new light on the difference between trading via limit orders and market orders by modeling price impact. This can be done directly in the continuous time limit, or via the same strategy as for the self-financing equation. In that case, a model for the price move after each trade is proposed on the microscopic scale, and a functional central limit theorem is used to derive the corresponding continuous time equations.
We believe in the potential of our modeling approach, and we hope that other idiosyncrasies of the financial markets will be incorporated into continuous time models through this micro-to-macro approach. Notable papers with a similar microscopic approach are [7, 11, 23] and [15, 16] . The former three papers study microstructure to derive optimal bid-ask spread policies. The latter two propose microscopic models of the limit order book. Finally, [14] derives the diffusion limit of one of those microscopic order book models. [10] . The first part of the paper formalizes trading on a limit order book, and provides a microscopic description of trades. A duality relationship with transaction costs is introduced and the self-financing condition is derived as a plain accounting relationship for individual trades.
Basic Results of
• We start with a model of the limit order book given by two positive (finite) measures with non-overlapping supports. They represent the distributions of the limit buy and sell orders.
• From there, we derive the optimal behavior of of a risk neutral liquidity taker: typically he should place an order at the expected value of the future values of the price.
• We then argue that in discrete time given by the trade clock, the changes in the three fundamental quantities should be linked by the fundamental accounting relationship
which we understand as a single trade self financing equation. Here p represents a quoted price, typically the mid-price averaging the best bid and the best ask, L is the inventory (number of shares) and K the amount of cash held by the trader, andX is the wealth (as marked to the quoted price P ) defined by X = pL + K. As usual we use the notation ∆ for the change of a quantity after a trade takes place.
Then, continuous time versions of the self-financing equation are derived as limits of the discrete self-financing equation under different scaling regimes. We review briefly the various steps of these limiting procedures and we identify one of these limiting models as being more relevant than those currently used in the literature. The back-and-forth approach starts from a continuous time model in which both the quoted price p t and the inventory L t are Itô processes. See (1.9) below. Since the assumption that the inventory process has a non-trivial quadratic variation component is not widely used in the existing financial mathematics literature, [10] provides empirical evidence in two appendices based on the analyses of the NAS-DAQ and the TSX high frequency trading data.
Continuous time versions of the single trade self-financing conditions are obtained in the following way. We start from a filtered probability space (Ω, F , F, P) supporting two F-Wiener processes W and W ′ with unspecified correlation structure and over a fixed time interval, say [0, 1], we give ourselves two F-adapted processes for the price and inventory of a liquidity provider:
where p 0 and L 0 are square integrable F 0 -measurable random variables, and µ, σ, b and l are F-adapted and càdlàg processes. We assume that the order book at time t is given by a convex shape function γ t which is a continuous F-adapted process and satisfies γ t (0) = 0, and we denote by c t its Legendre transform giving the transaction costs associated to the transactions on the order book at time t. The major insight of [10] was to prove that if at a scale given by an integer N ≥ 1 we assume that the mid-price evolves according to the discretization p 
then if the single trade self-financing condition holds at scale N , then it is proven in [10] that the continuous time relationship between the liquidity provider wealth X, inventory L, the price p and the transaction cost function c is:
where
In this formula, Φ σ 2 is the cumulative distribution function of the Gaussian distribution with mean 0 and variance σ 2 .
The goal of this note is to present a couple of applications already touted in the literature, but which get a nw lease on life in light of the new self-financing condition.
Remark 1.1. Before we proceed, we note that it is possible to recover the classical Almgren-Chriss price impact model, as well as the standard proportional transaction cost model, by choosing different renormalizations of the order book shape function different from (1.10). We refer the interested reader to Section 3 of [10] for a detailed discussion of this important remark.
Price Impact and Models
The above self-financing equations can be considered as bare bones descriptions of the market. They provide for an accountant's perspective on the market. Given a trader's inventory and the limit order book he or she trades on, the accountant can track his or her wealth perfectly. The number of hypotheses made are minimal in order to obtain the result which tracks perfectly wealth once a trading strategy is given. However, the above framework does not shed much light on which trading strategies can lead to the inventory processes satisfying the self-financing conditions we derived. Clearly, if any strategy is permissible in some reasonable sense, trading with limit orders is always preferable to trading with market orders as it is obviously preferable to capture the transaction costs rather than pay them. But in practice there is a trade-off between using limit and market orders. This trade-off has been captured by key words such as adverse selection, price impact and market response function. These three terms are related, at least on an informal level, and correspond to attempts by different communities (the economics, mathematical finance and econophysics communities respectively) to model the hidden cost of placing limit orders. We propose our own approach within the framework of the previous two sections. For the sake of definiteness, we use the terminology price impact, in line with the rest of the mathematical finance community.
We would like to stress that we regard Definition 2.1 as the main thrust of this section, and our main contribution to the literature on price impact. It is motivated by the empirical fact that, with very high probability, ∆L∆p ≥ 0 when trading with market orders and ∆L∆p ≤ 0 when trading with limit orders. In plain words, these inequalities state that the price never moves immediately against a market order. It is a very simple, yet robust model of price impact. Definition 2.1. Let p be a price process, c a transaction cost process and L an inventory process obtained exclusively via the use of limit orders. We say that the triplet (p, c, L) is consistent if the sample paths of [p, L] t are strictly decreasing a.s. .
We shall sometimes say that the couple (p, L) is consistent when the transaction cost process c corresponding to the order book on which the limit orders are placed is understood from the context. Next, we illustrate the significance of this definition on a specific model introduced to justify efforts such as [3] and [20] to model price impact as a deterministic mean-reversion of the limit order book between two trade times. The advantage of choosing such a model for the purpose of illustration is that we deal with bona fide equations rather than mere inequalities, leading to stronger results, albeit under stronger assumptions.
2.1. More explicit and rigid price impact model. The aim of this section is to show that a model for limit order fill rates with exact price recovery can lead to models where the price is a function of trade volumes, and vice-versa. This provides a model of supply and demand in high frequency markets, and closes the loop of our excursion in modeling. While this structural model is more rigid than our previous reduced form models, we believe that it illustrates some important market features, and provides yet another example of our micro-to-macro transition. By exact price recovery, we mean that in this model, one can compute the exact price move taking place when a limit order depletes liquidity on the limit order book, and otherwise, assume that the price recovers to a deterministic value between the previous price and this new price resulting from the move.
2.1.1. Microscopic assumptions. Let (Ω, F , P) be a probability space and p and L be two discrete time processes representing the market price and the inventory of a liquidity provider respectively. Let γ be a C 3 -function valued discrete time process representing our provider's shape function and c its associated transaction cost process. Our fundamental assumption is that
2) where λ ∈ (0, 1] is a real number that encapsulates price recovery. The bigger λ, the smaller the price recovery.
2.1.2. Tools. Equation (2.1) allows a liquidity provider to derive the price from trade volumes and the order book, while equation (2.2) derives the trade volumes from the prices and the order book. Both lead to the same consistency relationships between p, L and γ in the continuous limit.
Our analysis is based on a result from [17] which we state for the sake of completeness.
Let (Ω, F , F, P) be a filtered probability space supporting an 1-dimensional FWiener process W , and Y a 1-dimensional Itô process of the form:
We assume that b t and σ t are progressively measurable, b t is locally bounded and σ t is càdlàg. Now let F : Ω × [0, 1] × R → R be a random, F-adapted function that is C 1 in y and C 0 in (t,y). We will shorten the notation to y → F t (y). We assume that a.s. for all t, F t is an odd function. Furthermore, we assume that there exists a function g : R → R with at most polynomial growth, and a real number β > 1/2 such that, for all ω ∈ Ω, (t, s) ∈ [0, 1] 2 and y ∈ R we have:
We will make use of the following result (10.
and id is the identity function.
2.1.3. Continuous time setup. Let (Ω, F , F, P) be a filtered probability space supporting a F-Wiener process W . We will fix either an Itô process
for the price or
for the inventory. In addition to one of these processes, we also fix an order book shape process γ = (γ t ) t≥0 and denote by c = (c t ) t≥0 the associated transaction cost process. Let us assume that L (respectively p) satisfies Assumption 2.2 and c ′ (respectively γ ′ ) satisfies Assumption 2.3. These assumptions basically state that the stochastic transaction cost function c t (·) is symmetric, twice differentiable in space and has strong smoothness properties in time.
As before, we define the discretized processes L
Main result.
The main result is a straightforward application of Theorem 2.4. If we are given the inventory L and transaction costs c then we have:
Corollary 2.5. There exists a very good filtered extension of the original space such that we have the stable convergence in law p N ⌊N t⌋ → p t with dp t = −λb t Φ lt (c
A completely analogous result is obtained if we start with the price p and an order book shape function γ: Corollary 2.6. There exists a very good filtered extension of the original space such that we have the stable convergence in law L N ⌊N t⌋ → L t with
2.2. A special case. While quite unrealistic, the model of a flat order book has been used repeatedly because of its extreme tractability. See for example [2, 20] . It corresponds to a shape function satisfying γ ′′ t = m t for some real valued adapted process m = (m t ) t≥0 taking only positive values. The corresponding cost function is hence quadratic, and this quadratic transaction cost model leads to the linear price impact model: dp t = − λ mt dL t dX t = L t dp t + , then the price impact of trades is stronger than the collected spread because of insufficient price recovery. Also, because of the uniform structure of the order book and perfect fill rate, the inventory of the provider is perfectly anti-correlated with the price.
Absence of price manipulation strategies. A major concern for any dynamic model of market microstructure is the possible existence of price manipulation strategies. These can be defined in multiple ways and have been studied extensively by Schied et al in [3] among others. In the present context, we define price manipulation in the following way: Definition 2.7 (Price manipulation). Let c be a transaction cost function, λ a price recovery parameter, and A a set of couples of processes (p, L) which are consistent (with respect to c) in the sense of Definition 2.1. We say that this set A is subject to price manipulation if there exists a (p, L) ∈ A such that L 1 = L 0 and
In words, we want to exclude round-trip statistical arbitrages, given that the liquidity provider does not control the incoming market orders. The tractability of the flat order book allows us to rule out price manipulation strategies in many situations.
Proposition 2.8. Consider a market with price recovery parameter λ. A constant flat order book, γ ′′ t ≡ c for some c > 0 does not allow for price manipulation if λ ≥ 1. On the other end, price manipulation strategies do exist when λ < 1.
Proof. Using both equations of (2.12) we get:
so that integrating between t = 0 and t = 1 we get, if L 1 = L 0 :
from which one easily concludes.
Applications
Applications of the proposed relationships depend on models of the inventory and price processes L and p. In the sequel, when we formulate an optimization problem, we assume that the inventory can be any Itô process. This is an act of faith as making it happen typically requires good execution algorithms and limit order fill rates. In any case, to be consistent with the results of [10] recalled above, we require that these processes satisfy d [p, L] t < 0 when using limit orders and d [p, L] t ≥ 0 for market orders.
3.1. Option Hedging. In this section we derive a pricing PDE for a European option in a local volatility model with transaction costs and price impact as given by the adverse selection term in our self-financing condition. We highlight the consequences of trading with market orders only as opposed to trading with limit orders. This is directly related to the literature on option hedging under gamma constraint. We recover the same PDE structure and interpretation of the gamma penalization as a liquidity cost, as in [22] and [13] , albeit through a different path. These papers do not emphasize adverse selection and no discussion of the order book are given. The first paper starts from the gamma-penalized Partial Differential Equation (PDE) while the other derives it as a limit of PDE models. Neither paper derives the non-linear penalty in the PDE from a microstructure model. They are more focused on what the penalty term implies.
In addition to presenting a microstructure-based approach to the problem, our solution also answers a very practical-minded question: Should one delta-hedge with limit orders or market orders? We argue that the answer depends upon the sign of the gamma of the option.
In what follows, we first treat the fully non-linear case to exhibit the strong parallel with [13] and [22] . The linear case follows as a corollary. Clearly, it is of more practical interest as a tractable extension of the Black and Scholes framework.
3.1.1. Mathematical setup. Let (Ω, F , F, P) be a filtered probability space and W be a F-Brownian motion which generates the filtration F. We assume that the mid-price p t is given exogenously and satisfies the stochastic differential equation (SDE): dp t = µ(p t )dt + σ(p t )dW t , (3.1)
where µ and σ are two globally Lipschitz functions. We also assume that the order book shape function process γ = (γ t ) t≥0 is continuous and random only through the price level p in the sense that γ t (α) = γ(p t , α) for a deterministic function (p, α) ֒→ γ(p, α). We single out a trader, and define an inventory process as an F-adapted Itô process
where (b t ) t≥0 and (l t ) t≥0 are F-adapted, càdlàg processes. Note that in this formulation, l t is signed. Since we identified trading with limit or market orders to the sign of d[p, L] t , we shall impose the constraint l t < 0 when we model trading with limit orders, and l t ≥ 0 when trading is done with market orders. Denote by c(p, ·) the Legendre transform of γ(p, ·). We will use the function
Given a real number K 0 representing the trader's initial cash endowment, according to our self-financing condition, her wealth is given by:
This follows from the self-financing equation proved in Proposition ??. Let f ∈ C 0 be the payoff function of a European option with maturity T . We define a perfect replication strategy as follows. Definition 3.1. An initial cash endowment K 0 and an inventory process L = (L t ) t≥0 are said to perfectly replicate the European payoff f (p T ) at maturity T if
and the corresponding replication price is defined as
Theorem 3.2. Let f ∈ C 0 and T > 0. Assume that v ∈ C 1,3 solves the PDE:
Furthermore, the volatility of the replicating inventory is given by
and the replication price of the option is
and
(3.9)
As v ∈ C 1,3 , this choice of L t is therefore a bona fide inventory process. Writing down the dynamics of the wealth leads to:
Since the initial values match, we have that X t = v(t, p t ) for all times. This concludes.
We recall that an option is said to have positive gamma when
∂p 2 (t, p) > 0 for all t and p. A negative gamma option is one for which
∂p 2 (t, p) < 0 for all t and p. Corollary 3.3. When using only one type of order (say limit or market orders), positive gamma options can only be hedged (in the sense that their payoffs can be replicated) with market orders. Negative gamma options can only be hedged with limit orders.
Proof. The identity
implies that l t and the option gamma must be of the same sign.
Remark 3.4. We illustrate the above result by commenting on a simple practical example. If one buys and delta-hedges a call option, then a synthetic negative gamma position must be created through a dynamic trading strategy. Because the delta of a call option increases as the price increases, the trader must sell when the price goes up, and buy when the price goes down. Given that limit orders tend to buy when the price goes up and sell when the price down because of price impact, their use to lower the cost of delta-hedging makes sense.
Remark 3.5. The above result leads to an intuitive implementation strategy for delta-hedging negative gamma positions. By computing the gamma of an option, one can figure out how much needs to be bought should the price move down, or sold should the price move up. By placing limit orders at the end of the queue, it is impossible for the price to move without our hedge getting executed. Since the model has only one source of random shocks (the Wiener process W = (W t ) t≥0 ), it is expected to be complete in the sense that perfect replication holds. In practical situations, the incompleteness of the markets and the fact that the price could move back introduce some hedging risk. Nevertheless, the negative correlation created by trading with limit orders lowers the cost of the delta-hedge.
The PDE (3.6) is non-linear in the second derivative of v. However, it is linear when all the orders can be filled at the pre-trade best-bid or best-ask prices, in which case we recover a Black-Scholes type formula. Corollary 3.6. Assume that all the orders can be filled at the pre-trade best-bid or best-ask prices and denote by s t = s(p t ) the bid-ask spread. Then the pricing PDE (3.6) becomes ∂v ∂t
Proof. In the bid-ask spread case, c(p, l) =
l.
In particular, we recover the standard, frictionless local volatility model when
. This is because in our self-financing condition, the terms representing transaction costs and adverse selection (i.e. price impact) exactly cancel each other out, and the frictionless self-financing equation holds true.
In addition to computing the price and delta-hedging ratios under transaction costs and instantaneous adverse selection, this theory suggests an execution strategy by specifying when limit or market orders should be used to hedge an option.
3.2. Market Making. For our second application, we adapt to our framework the key insight of the model proposed in [7] . The aim is to solve the optimization problem of a representative market maker controlling the spread and maximizing her profits. The trade-off she faces, and which is the key ingredient of the model, is the following: the smaller the spread, the likelier trades are, but the less profit she makes on each of them.
In a way similar to [7, 23] , we model the probability of execution of a limit order by a decreasing function of the quoted spread. This will first be done at the microscopic level, to obtain a reasonable model for our inventory process L at the macroscopic level. A key difference with [7] is that we still impose the price impact constraint, which further depresses the market maker's profits because of adverse selection. In this respect, our model is closer to that proposed in [11] , which also proposes a market making control problem subject to adverse selection.
To make sure that the price impact constraint is satisfied, we use, at the microscopic level, a modified version of the Almgren and Chriss model [5] to relate the change in mid-price to the change in the aggregate inventory of the liquidity providers. We assume that
for a F n+1 -measurable, positive random variable λ n+1 . This is an non-predictable form of linear price impact, in the sense that, ex-post, the price increment is a linear function of the traded volume.
To capture the insight of [7] , we model λ n+1 in such a way that
where s n is the market maker's chosen spread, and ρ n and f n are continuous, positive function with f n decreasing and ρ n ∈ [0, 1]. The assumption that f n is decreasing in the spread is inherited from [7] , and the fact that ρ n must be smaller than 1 is due to Jensen's convexity inequality. We assume that λ n+1 is independent of ∆ n p conditionally on F n . Computing the predictable quadratic variation of L n yields: 14) while the predictable quadratic covariation of L n and p n is given by:
This suggests the use of the following model in the continuum limit:
ρ u (s u )du for some adapted, continuous and positive functions ρ t (·) and f t (·) with ρ t ≤ 1 and f t decreasing. Note that the equation for L t can also be written as:
with a Wiener process W ⊥ t independent from W t . We will from now on assume that p t is adapted to the filtration generated by W t .
Applying our wealth equation, we obtain:
For both f t and ρ t , a natural assumption is that they are time-independent functions of the spread rescaled by the volatility:
for some C 0 decreasing function f and C 0 function ρ. We will furthermore assume that g(x) = xf (x) is a decreasing function for x large enough, that g(x) → 0 as x → ∞, and that f (x) > 0 for all x ≥ 0.
The problem of a risk-neutral market maker attempting to set the spread optimally is to maximize: sup
This is a classical stochastic control problem which we solve using the Pontryagin maximum principle. Let us define a few functions first.
Lemma 3.7. For all a > 0, define the function F a by
Then the function M (a) = max
is well defined, continuous, and decreasing in a. Furthermore, there exist a mea-
and we have that m(a) > 0.
Proof. First, note that for all a > 0,
Next, if g is decreasing on the interval [x 0 , ∞), then we can define the function β(a) as g
, and x 0 otherwise. β(a) is continuous and satisfies f (a + 1) ≥ g(x) for all x ∈ (β(a), ∞).
This proves that the maximum of F a is attained on the compact interval [a + 1, β(a)]. where
25)
Z t being the volatility of the martingale representation of p T Proof. We apply the necessary part of the stochastic Pontryagin maximum principle. The generalized Hamiltonian is equal to:
and the adjoint equation is solved by
which, in particular, implies Z ⊥ t = 0. Z t can be computed via the martingale representation theorem on the Brownian filtration generated by W t .
The Hamiltonian to maximize therefore becomes 3.27) and the previous lemma concludes.
Beyond the optimal control, one might be interested in the dependence in σ t and α t of the market maker's expected profit as well as the volatility of her inventory. Note that a low volatility of the inventory means that the market maker has essentially pulled out of the market.
Corollary 3.9. The market maker's expected profit is
where α t is given by (3.25) and the function M is defined by (3.22) . The volatility of her inventory is σ t f (m (α t )). (3.29)
Proof. The expected profit can be computed by integrating the Hamiltonian along the optimal path. The rest follows from the previous proposition.
Recall that M is a decreasing function. A consequence of the corollary is that the market maker's expected profit is a decreasing function of α t and, for α t being fixed, an increasing function of the volatility.
Two issues need to be resolved if one looks for tractable formulas. First, an explicit model for p T must be given for which the martingale representation term Z t can be computed. Second, one has to propose a function g for which the maximal argument m of F can easily be characterized as a function of α t . We address them in some specific situations.
3.2.1. The martingale case. Note that the latter problem is easily solved when p t is assumed to be a martingale. Indeed, if we have dp t = σ t dW t (3.30)
for some adapted, continuous and positive process σ t , then α t = 1 and we simply have s t = m(1)σ t (3.31) circumventing the need for explicit functions ρ and f . This result provides a theoretical foundation for the empirical claim made in [24] that the spread is a linear function of volatility.
Plugging this optimal spread back into the objective function, the market maker's expected profit and loss (P&L) is given by:
(3.32)
Given that the dynamics of the market maker's inventory are:
dL t = −ρ t (s t )f t (s t )dp t + f t (s t ) 1 − ρ 2 t (s t )σ t dW ⊥ t , (3.33)
we conclude that the inventory is also a martingale. In option-pricing terms, −ρ t (s t )f t (s t ) is the Gamma exposure of the market maker: it measures the changes in inventory due to a change in the price. It is negative. The expected profit and loss however, exhibits positive Vega as it is an increasing function of volatility.
Explicit cases.
Other cases where α t can be computed explicitly are:
• the Black-Scholes model dp t = µp t dt + σp t dW t (3.34) in which case we obtain:
and hence α t = µ σ 2 e µ(T −t) − 1 + e µ(T −t) . (3.36)
• the case of a mean reverting (Ornstein-Uhlenbeck) price process dp t = ρ(p 0 − p t )dt + σdW t (3.37) in which case:
E [ p T | F t ] = p 0 + e −ρ(T −t) (p t − p 0 ); Z t = σe −ρ(T −t) , (3.38) and hence α t = − ρ σ 2 (p t − p 0 ) 2 e −ρ(T −t) − 1 + e −ρ(T −t) . (3.39)
Unlike in the martingale case, it is hard to obtain any tractable formulas without specifying a functional form for ρ and f . In the case where ρ(x) = 1/(1 + x) and f (x) = 1/ (1 + x) 2 , the optimal spread becomes s t = σ t √ 1 + 3α t (3.40)
Note that m is an increasing function of α t . To compare with the martingale case, where α t = 1, we therefore want to compare the ratio of α t to 1 in order to study the impact of the model assumptions on the market maker's profit and inventory volatility.
• For the Black-Scholes model, α t is larger than 1 for µ > 0. For µ < 0, there exists a critical value depending on T and σ for which this ratio flips sign.
• In the case of an Ornstein-Uhlenbeck process, α t is smaller than 1 iff
that is, if the current price p t isn't too far from the long-term average p 0 .
In line with intuition, the market maker quotes larger spreads, expects less profit, and captures less volume in the 'momentum' Black-Scholes model, as compared to the martingale case. This is because the spread is an increasing function of α t , the expected profit a decreasing function of α t and the volatility of the market maker's inventory is a decreasing function of the spread and hence of α t . In a mean-reverting market, unless the price is significantly away from its long-term trend as measured by the inequality (3.41), the market maker quotes smaller spreads, expects more profit and captures more volume than in the two other market models.
